The diffusion coefficients of heavy quarks from the coherent color electromagnetic fields which are generated in the early stage of relativistic heavy-ion collisions are calculated at midrapidity, and compared with those obtained from collisions within a thermalized quark-gluon plasma. The coherent color fields are modeled such that they are initially longitudinal and then become isotropic. We found that the diffusion coefficients from the coherent color fields are larger than those from collisions except for very fast heavy quarks, and the color fields are less effective for heavy-quark energy loss. The importance of coherent color fields for heavy-quark diffusion decreases as energy density decreases.
I. INTRODUCTION
The color glass condensate (CGC) is one of the promising models meant to describe the initial state of relativistic heavy-ion collisions. The model is so named, because the nuclei participating in ultra-relativistic heavy-ion collisions are composed of color fields which slowly evolve with time and are highly occupied.
As the nucleus energy increases, the number of gluons in the nucleus rapidly increases while the cross section for the nucleus scattering slowly increases. This implies that the gluon fields in the nucleus are highly occupied at high energy, and should be saturated by nonlinear interactions. Due to the high density, the distance between gluons is so short that the strong coupling strength is in fact small. However, the gluon interactions are coherent and become strong as the gravitational interactions do [1] .
In extremely high energy collisions, the nucleus is like an infinitely thin sheet of color glass. Partons with large energy fractions in the nucleus play the role of color sources, and those with small energy fractions are described as the classical color fields generated by the sources. The color sources are distributed on the color sheet with the transverse size of the order of the inverse saturation momentum, and the color electromagnetic fields have only transverse components before heavy-ion collision.
Rapidity dependence ignored, one can numerically calculate color fields in space-time by solving the classical Yang-Mills equations. At the contact time of two color sheets, longitudinal color electromagnetic fields are instantaneously generated in forward light cone, and then transverse color electromagnetic fields grow till they are comparable to the longitudinal ones [2, 3] . One cannot reach isotropic color electromagnetic fields only by * Electronic address: song@fias.uni-frankfurt.de † Electronic address: epelbaum@physics.mcgill.ca solving the classical Yang-Mills equations, and quantum corrections seem to be needed [4] . The nuclear matter between the two color glasses before the formation of an isotropic quark-gluon plasma (QGP) is called the glasma.
Heavy flavor is one of the important probes in search of the properties of the hot dense nuclear matter created in relativistic heavy-ion collisions. It has been found that the nuclear modification factor and elliptic flow of heavy flavors are not small in relativistic heavy-ion collisions, which indicates strong interactions of heavy flavors with the hot dense nuclear matter [5] [6] [7] [8] . There are numerous theoretical studies to explain experimental data, where heavy flavor interacts with nuclear matter through collision and gluon radiation .
In the CGC picture, relativistic heavy-ion collision generates strong coherent color fields between two receding heavy nuclei. Since heavy flavor is early produced, it will interact with the strong color fields. The production time of heavy quark pair is at most 1/(2m Q ) with m Q being the heavy quark mass. Considering the masses of charm and bottom quarks being respectively about 1.5 and 5.0 GeV, the production times are less than 0.07 and 0.02 fm/c. They are smaller than the typical time scale during which the CGC model should be valid, especially for the bottom quark. The heavy quark interactions with the strong coherent color fields take place mainly before initial thermalization while collisions or gluon radiations of heavy quarks in QGP, which have been widely studied, take place after that. Since the coherent color fields have a random color and a random direction, the heavy quarks traveling through these fields will diffuse as in a thermalized QGP.
In this study, we calculate the diffusion coefficients of a heavy quark from coherent color fields in relativistic heavy-ion collisions and compare them with those obtained from collisions within a thermalized QGP.
This paper is organized as follows: The diffusion coefficients of heavy flavor induced by color fields are calculated in Sec. II, and they are computed for realistic relativistic heavy-ion collisions in Sec. III. In Sec. IV, these diffusion coefficients are then compared with those obtained from collisions within a thermalized QGP, and a summary is given in Sec. V.
II. DIFFUSION COEFFICIENTS IN COLOR FIELDS
Let us start with the nonrelativistic Langevin equations expressed as [10] 
where p L and p T are, respectively, the longitudinal and transverse momenta of a particle, η D a momentum drag coefficient, and ξ L and ξ T random momentum kicks in the longitudinal and transverse directions which satisfy
where . . . represents ensemble average, κ L (p) and κ T (p) are the mean-squared longitudinal and transverse momentum transfers per unit time, andp is the unit vector of the particle three-momentum. δ(t − t ) in Eq. (2) implies that the random forces at two different times are completely uncorrelated. However, it is not true in reality, because any force acting on a particle cannot be as sharp as a delta function. One may use a normalized gaussian function with a finite width instead of a delta function. This is the strategy we will adopt in the following. Integrating Eq. (2) over t leads to
where D ij is a diffusion tensor defined as [31] 
T and we have assumed that the correlator is a function of |t − t |, an assumption that makes sense for a thermal bath at constant temperature. We note that the random forces in Eq. (4) do not need the subscript L or T by virtue of the tensor structures in Eq. (3). Fig. 1 shows schematic cartoons for a heavy quark scattering with initial coherent color fields and within a thermalized QGP in relativistic heavy-ion collisions. Since the initial coherent fields have a random color and a random leftward or rightward direction, with a typical transverse size of the order of the inverse saturation momentum, a heavy quark interaction with the fields is similar with random scatterings in a thermalized QGP. Therefore, the random force in Eq. (4) can be substituted by the color Lorentz force,
a and v are respectively the strong coupling constant, the charge of color a, and the velocity of a parton in the color electric and magnetic fields, E a and B a . The correlation of the color Lorentz force is then expressed as
where N c is the number of colors, C 2 = 1/2 for quark and
, ε ikl and ε jmn are the usual Levi-Civita antisymmetric tensors, and E i B j = B i E j = 0 is assumed [30, 32] . Identifying the color Lorentz force with the medium kicks in Eq. (4) leads to the following expressions for κ L and
where E L ≡p · E a is defined as the longitudinal color electric field. As mentioned below Eq. (2), random forces are spread with finite widths in space-time. Therefore, we introduce a Gaussian form for the correlation of color electromagnetic fields at two different space-time: (7) where σ µ is the correlation length of color electromagnetic fields in µ direction.
Since we study a heavy quark in coherent color fields, C 2 = 1/2, and the velocity does not change much:
where E T and B T are respectively the transverse color electric and magnetic fields, and τ m is the memory time of the color electromagnetic field defined as
It is interesting to notice that since magnetic fields induce only transverse force, they do not contribute to κ L in Eq. (8) .
For a mid-rapidity heavy quark in relativistic heavyion collisions, the memory time is given by
where v T and σ T are, respectively, the transverse velocity of a heavy quark and the transverse correlation length of color electromagnetic fields. In the CGC, the latter is approximately the inverse of saturation momentum,
, which is around 0.1∼0.2 fm at the Relativistic Heavy Ion Collider (RHIC) and the Large Hadron Collider (LHC) energies [33] . Assuming boost invariance, σ 0 is roughly the lifetime of coherent color fields and expected to be larger than σ T . For a fast heavy quark (v T σ T /σ 0 ), the memory time approximates to
and for a slow heavy quark
From the Fixed-Order Next-to-Leading Logarithm (FONLL) calculations [34] , the average transverse momenta of mid-rapidity charm quarks are respectively 1.5 GeV and 2.4 GeV in p+p collisions at √ s NN = 200 GeV and 2.76 TeV, which correspond to v T =0.7 and 0.85. For mid-rapidity bottom quarks, the average transverse velocities are respectively 0.58 and 0.7. Therefore, we take the approximation of Eq. (11) in this study.
III. APPLICATION TO RELATIVISTIC HEAVY-ION COLLISIONS
The CGC model introduces a separation scale x 0 : the partons which have larger energy fractions than x 0 are treated as static color sources while those with smaller energy fractions as classical color fields generated by the sources. The color sources are located near the color sheets, which are the Lorentz-contracted nuclei, with a transverse size of the order of the inverse saturation momentum. After two color sheets pass through each other in relativistic heavy-ion collisions, the classical color fields are calculated in forward light cone by numerically solving the classical Yang-Mills equations, satisfying the boundary conditions given by color sources on the light cone [2, 3] . The numerical calculations assume boost invariance, which means that the physics does not depend on η ∼ ln[(t + z)/(t − z)]. Though it seems similar to the capacitor problem in electrodynamics, color sources are randomly distributed on the sheet with a characteristic transverse size, and nonabelian gauge equations are to be solved. The results show that longitudinal color electric and magnetic fields are instantaneously generated at the contact time of two color sheets, and then they diminish with time. On the other hand, transverse color electric and magnetic fields, which are initially absent in forward light cone, grow with time till they are comparable to longitudinal ones in strength [2, 3] . In other words, the initial color electromagnetic fields are given by
and the asymptotic final ones by
and more details can be found in Appendix B. From the energy-momentum tensor of pure gauge Quantum Chromodynamics (QCD) Lagrangian,
energy density and pressure are, respectively, given by (13) and (14) into Eq. (16), initial pressures are given by
and final ones by
Since the initial color fields are expected to eventually turn into isotropic gluon gas, it seems that the classical Yang-Mills equations are not sufficient, and quantum corrections are needed in order for the complete time-evolution of initial gluonic matter to show signs of isotropization [4] .
In order to deal with the anisotropic pressure, we introduce a parameter defined by ζ ≡ p z /p x p z /p y . The squared color electric fields are then expressed as
and same for color magnetic fields. We note that ζ = −1 at the contact time of two color sheets, and ζ should evolve towards +1, which corresponds to isotropic color fields. In practice, ζ converges towards 0 (free-streaming) for the late time behavior of classical Yang-Mills evolution with classical initial conditions. From Eq. (19), the longitudinal and transverse components of color electromagnetic fields for a mid-rapidity heavy quark which moves in transverse (x, y) direction are respectively given by
and the same equations for color magnetic fields. Substituting Eq. (11) and (20) into Eq. (8),
where (21) is finally expressed in term of the energy density as:
It seems that Eq. (22) 
and κT (open) of a midrapidity heavy quark from the initial (blue) and isotropic (red) coherent color fields, which correspond to ζ = −1 and ζ = +1 respectively. Energy density, the saturation momentum, and αs are, respectively, taken to be 30 GeV/fm 3 , 1.5 GeV, and 0.3. Fig. 2 shows κ L and κ T of a mid-rapidity heavy quark from initial and isotropic coherent color fields. The energy density, the saturation momentum, and α s are respectively taken to be 30 GeV/fm 3 , 1.5 GeV, and 0.3. Since the initial color electromagnetic fields (ζ = −1) generate only non-zero z-component of the Lorentz force, κ L vanishes identically, while κ T is largest. As ζ increases, κ L increases while κ T decreases. In isotropic color fields (ζ = +1), κ T is still larger than κ L though, as κ T receives an additional contribution from color magnetic fields, as seen in Eq. (22) . 3 shows the pressure anisotropy ζ from the lattice calculations of classical Yang-Mills equations [4] . Computations were performed on a 512 2 lattice with the transverse lattice spacing being fixed to a T = 1. As mentioned before, ζ from the classical Yang-Mills equations starts from -1 and saturates around 0. Assuming that complete solutions beyond those of classical Yang-Mills equations lead to ζ = +1 at large Q s τ , we parameterize
which is shown as a blue line in Fig. 3 . The parameterized function reproduces lattice results up to Q s τ 1.2 and converses to ζ = +1.
The time-evolution of the energy density is obtained by using Bjorken's law
whose solution is
We note that the energy density is initially constant (ζ = −1), then decreases like free streaming (ζ = 0) and finally isentropically (ζ = +1). conditions of hydrodynamic simulations around τ = 0.5 fm/c [35] .
Then the diffusion coefficients of a heavy quark in relativistic heavy-ion collisions are given from Eq. (6) by
where the heavy quark production time τ 0 = 1/(2M T ) with M T being the transverse mass of heavy quark. Fig. 5 shows κ L and κ T of a mid-rapidity heavy quark as a function of the heavy-quark velocity at τ = 0.5 fm/c in central Au+Au collisions at √ s NN =200 GeV. Q s and α s are respectively taken to be 1 GeV and 0.3. We can see that the κ T of bottom quark is larger than that of charm quark due to the smaller production time τ 0 of bottom quark in Eq. (27) . Since the production times of both charm and bottom quarks become short for large velocity, the difference of κ T decreases with increasing heavy quark velocity. On the other hand, the κ L of bottom quark is similar to that of charm quark regardless of velocity, because κ L is very small near the production time of heavy quark (ζ ≈ −1). 
IV. COMPARISON WITH THE DIFFUSION COEFFICIENTS INDUCED BY COLLISIONS
As the system expands, the initial color fields become more and more dilute, and they can start to be described by individual quanta, that is, gluons. In this section, we compare κ L and κ T of heavy quarks from coherent color fields with those induced by collisions within a thermalized quark-gluon plasma (QGP) at the same energy density.
Since the initial nuclear matter in relativistic heavyion collisions is highly occupied, the interspace between color quanta is short and perturbative QCD (pQCD) is applicable. To the leading order in pQCD, κ L and κ T of heavy quark from collision read as followings [10] :
where
, and C f (v) are functions of the heavy quark velocity [10] , and m D is the Debye screening mass, which is taken to be 1.5 T with T being the temperature.
In 
where d g = 16 and d q = 18 are respectively the degrees of freedom of gluons and of light quarks. Energy densities are 30 GeV/fm 3 and 12 GeV/fm 3 , respectively, at τ = 0.5 fm/c and 1.0 fm/c from particle multiplicities in central Au+Au collisions at √ s NN =200 GeV [35] . They are compared with κ L and κ T from coherent color fields, which are shown as blue lines with filled and open squares. The saturation momentum is taken to be 1.0 GeV, and α s = 0.3 for both collisions and color Lorentz force. Comparing the diffusion coefficients from color fields and those from collisions, we find two qualitative differences:
• Firstly, κ T from color fields is always larger than κ L , whereas the opposite relation holds for collisions. Since κ L is related to the drag coefficient and energy loss of energetic heavy quarks, the coherent color fields are less effective for heavy-quark energy loss when compared to collisions.
• Secondly, κ L and κ T from collisions increase with the heavy-quark velocity, while those from color fields decrease. Since fast heavy quarks have more chance of colliding within the QGP and one collision has larger impact on it, κ L and κ T from collisions increase with heavy quark velocity. On the other hand, fast heavy quarks remain only during a small amount of time within one color domain of the transverse plane. It thus shortens the memory time defined in Eq (9), and, as a result, κ L and κ T from color fields decrease.
In the upper panel of Fig. 6 where τ = 0.5 fm/c, κ T from the color Lorentz force is larger than the one induced by collisions, and the same holds true for κ L up to v = 0.74. In the lower panel where τ = 1.0 fm/c, however, κ T from the color Lorentz force is larger up to v = 0.92, and κ L up to v = 0.72. This shows that as time increases, the diffusion coefficients from coherent color fields become less important, compared to those induced by collisions in relativistic heavy-ion collisions. There are two reasons for that. In Eq. (27) , κ L and κ T from color fields are proportional to the energy density, while those from collisions to T 3 or ε 3/4 from Eq. (28) and (29) . Furthermore, κ L and κ T from color fields are proportional to α s while those induced by collisions to α 2 s . Therefore, coherent color fields are more important for heavy quark diffusion in the initial stage of relativistic heavy-ion collisions, where ε is large and α s is small. If the saturation momentum decreases, then the transverse size of the color-field domains grows and the effect of coherent color fields becomes stronger for a longer time.
Comparing the upper and lower panels of Fig. 6 , we also find that κ L and κ T from color fields are early overtaken by those induced by collisions for fast heavy quarks, and late overtaken for slow heavy quarks. Assuming that κ L and κ T from color fields turn into those induced by collisions as time increases, this suggests that initial coherent color fields are early seen as individual gluons by fast heavy quarks. This seems reasonable, because the density of glasma decreases in the rest frame of fast heavy quarks. coherent color fields play a less important roles in heavy quark diffusion due to a larger saturation momentum.
V. SUMMARY
Heavy quark is a promising probe for the properties of the hot dense nuclear matter created in relativistic heavyion collisions. Though the interactions of heavy quarks with thermalized hot dense nuclear matter have been extensively studied, the interactions before thermal equilibrium has been reached in relativistic heavy-ion collisions have barely been studied. According to the CGC model, the initial nuclear matter is composed of strong coherent color fields, which are initially highly anisotropic and then presumably evolve towards an isotropic gluon gas.
In this study we have calculated the diffusion coefficients of heavy quarks induced by interactions with coherent color fields. Due to our lack of knowledge of the correlation length of the color fields in τ and η directions, our calculations were restricted to mid-rapidity heavy quarks with rather large velocities. The coherent color fields were modeled such that they initially follow the numerical results from lattice calculations and then finally become isotropic.
We then compared the diffusion coefficients with those obtained from collisions within a thermalized QGP in Au+Au collisions at √ s NN =200 GeV, and in Pb+Pb collisions at √ s NN =2.76 TeV. From this comparison, we have found a couple of qualitative differences between diffusion coefficients from color fields and those from collisions:
• Firstly, κ T calculated from interactions with color fields is always larger than κ L for a mid-rapidity heavy quark in relativistic heavy-ion collisions, which is opposite to the conclusion one draws from collisional interactions. Therefore, coherent color fields are less effective for heavy-quark energy loss than collisions.
• Secondly, κ L and κ T from color fields decrease with increasing heavy quark velocity, while those from collisions increase. The reason for decreasing diffusion coefficients in color fields is that the time during which a heavy quark remains in one domain of color field decreases with increasing heavy quark velocity, and the short stay reduces the correlation of the color Lorentz forces.
We have also found that the contribution from coherent color fields to heavy quark diffusion is important in the early stage of relativistic heavy-ion collisions, because κ L and κ T from color fields are proportional to ε and α s , while those from collisions vary as ε 3/4 and α 2 s . As our study is restricted to fast mid-rapidity heavy quarks, it would be very interesting to extend to heavy quarks with small velocity or in forward and backward rapidities. For this one would a priori just need the correlation length of coherent color fields in the τ and η directions.
To the best of our knowledge, the equality deduced at the end of this appendix has yet to be written somewhere. For completeness, let us roughly sketch its derivation. Starting from the Classical Yang-Mills equations written in a covariant form
where g = detg µν , the covariant derivative being defined from the gluonic fields as
and the Maxwell-stress tensor being
Placing ourselves in the Milne coordinate system
where the metric tensor reads
and defining as is usually done in this coordinate system the electric fields as (here i runs on only on the transverse spatial coordinates x, y)
we get a constraint equation (Gauss's law) by picking ν = τ in Eq. (30)
and three equations for the time derivative of the transverse and longitudinal electric fields by pickingν = i, η in Eq. (30)
Deriving the constraint equation (36) trivially leads to
and using the following relation between the covariant derivative and the Maxwell-stress tensor 
